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1. hTR00ucT10~ 
We are concerned here with the oscillatory behavior of solutions of the 
following second order nonlinear differential equation on [t,, cc ) 
(4f) ii/(x) x7 + s(t)f(x) = r(t) (1) 
and the related equations 
(a(t) Ii/(x) x’)’ + Cdl) f(x) = 4(t), 
(a(t) $0) x’)’ + 4(t) f(x) = 44th 
(2) 
(3) 
where a41Cto, a), (0, ~)I, q,W’CCk,, 00)~ t--00, a)l, $EC’C(--, m), 
CO, oo)], SECT--,a~), t-00, oo)], and for any x#O, $(x)#O, 
xf(x) > 0, c and d are positive constants. 
We shall restrict our attention to solutions x(t) of (l), (2) and (3) which 
exist on some ray [TX, co) and satisfy sup(jx(t)j: t > 7’) >O for every 
T 3 TX. Such a solution is said to be oscillatory if the set of its zeros is not 
bounded; otherwise, it is said to be nonoscillatory. An equation is said to 
be oscillatory if all its solutions are oscillatory. Equation (1) is said to have 
property (P) if no solution of Eq. (2) for any c > 0 and d> 0 is bounded 
away from zero. Equation (1) is said to have property (P) if no solution of 
Equation (3) for any d > 0 is bounded away from zero. 
The oscillatory behavior of solutions of (1) has been discussed in 
[l, 2, 5-J and other references therein. The purpose of this paper is to 
establish conditions which guarantee that Eq. (1) has property (P) or (P). 
Our main results are given in Section 2, some of which are new. In 
Section 3 some comparisons between our results and those of other authors 
are indicated, and some examples illustrating our results are also included. 
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2. MAIN RESULTS 
We first establish a comparison theorem. In order to prove this theorem 
we need the following lemma which is proved in [7]. 
LEMMA 1. The linear equation 
(a(t) x’)’ + q(t) x = 0 
is nonoscillatory if and only if there exists a continuously diffentiable 
function u(t) on some [T, co) such that 
u’(t) + u2(t)/a(t) < -q(t), tc CT, 00). 
In this paper, we shall frequently assume the following basic condition: 
for constant 6 > 0, there exists constant 5 > 0 such that 
f'(xw(x)2r, for all 1x1 36. (4) 
THEOREM 1. Suppose that condition (4) holds and for any positive 
constants a and fl, the equation 
(a(t) ~‘1’ + (adt) - Blr(t)l) x(t) = 0 (5) 
is oscillatory, then (1) has property (P). 
Proof Assume that there exists constants c = c0 and d = d, such that 
the equation 
(a(t) t4x) x’)’ + w(t) f(x) = &y(t) (2’) 
has a solution x(t) satisfying Ix(t)1 3 6 for some 6 > 0 and all t E [T, co). 
Let w(t)=a(t)#x(t))x’(t)/f(x(t)). From (2’) we have that 
w’(t) +f’(x(t)) w2(tY4t) vWt)J + w(t) - 4Mt)llfMt)) = 0. (6) 
By (4), we may claim that there exists q > 0 such that 
lllf(x(t))l G % tE [T, CD). (7) 
Thus (4), (6), and (7) lead to 
w’(t) + ~w2(t)14~) + wAt) - ddr(t)l < 0. 
Letting u(t) = (w(t), we obtain 
u’(t) + u2(rY4t) + S(wdt) - &d~(t)l) G 0. 
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By Lemma 1, we know 
(40 x’(t))’ + 5((wI(f) - 4?lY(~)l x(t) = 0 
is nonoscillatory, contradicting the given hypothesis. 
THEOREM 2. Suppose that 
f’(x) 2 0, x #O, 
s 
* dt 
-= 03. 
kl a(t) 
and for any fi > 0, 
(8) 
(9) 
(10) 
(11) 
then ( 1) has property (P). 
THEOREM 3. In Theorem 2 let condition (10) be replaced by 
s m @U(x) dx < a, J--I: $(x)/Y(x) d  <a, (12) 1 -1 
then (1) has property (P). 
Proof of Theorem 2 and 3. Assume that there exists a constant d,, such 
that Eq. (3) with d= do has a solution x(t) satisfying Ix(t)1 2 6 > 0 for all 
large t 2 T> to. Thus there exists q >O such that (7) holds. Since x(t) ~0, 
t 2 T, is satisfies the equation 
(a(t) ~(x(t))x'(t))'+Q(t)f(x(t))=o, tB T, (13) 
where Q(t) = q(t) - y( t)/f (x( t)). Now, for t 2 T, 
Q(f) 2 q(r) - vIr(t)l. 
From (1 1 ), it is easy to show that 
78 JURANGYAN 
Noting (8), (9), (10) and applying [S, Theorem 41 to (13), we conclude 
that X(C) is oscillatory. This contradicts the fact that Ix(t)1 > 6, t > T. This 
completes the proof of Theorem 2. 
Similarly, from (8), (9), (ll), (12), and [S, Theorem 51, we obtain that 
(13) is oscillatory, which is again a contradiction. The proof is now 
complete. 
The following lemma is basic for all later discussions and it is due to 
Greaf and Spiks (see [2] for the proof). 
LEMMA 2. Let (8), (9) hold and 
I ,; Ir(t)l dt< 03, 
I m q(t) dt 10 
(14) 
(15) 
converges, and 
,xf’ym If( = CQ- (16) 
Suppose, moreover, that for constants c,, > 0 and d,, > 0 x(t) is a solution of 
(2) with c = c,-, and d = do such that lim inf,, co (x(t)1 > 0, then 
I 
00 
f’(x(t)) w(f)la(t) #(x(t)) dt < ~0 (17) 
and 
w(t) = Srn f’(x(t)) w2(t)14t) W(t)) dl+ Irn Cc&t) - d~r(tYf(x(t))l dt f I 
(18) 
fir all sufficiently large I, where w(t) = a(t) $(x(t)) x’( t)/f(x(t)). 
In the following, we give the other results pertaining to the case that (14) 
and (15) are satisfied. 
We introduce the function sequence {h,(t)};z0 (see [2]) defined as 
follows: if (14) and (15) hold, then 
ho(t) = lrn [q(s) - Blrb)ll dsla1’2(f) f 
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is a well-defined function on [to, CCI) for every /II > 0 in the sense that the 
improper integral converges. As long as the improper integrals involved 
converge, we can define 
and 
h,(t) qm hi(s)+ ds 
r 
h,,, I(t) = j-a Ch,(s) + ~h,(dla”‘(~)l: 4 tE [to, oo),n= 1,2, ,.., (19) 
, 
where c1 is any positive constant, and for any function q(t), we define 
dt) + = max(cpW, 0). 
From (19) it is easy to show that 
h,(t) 6 h,, 1(t), tE [t,, co), n= 1,2, . . . (20) 
LEMMA 3. In addition to the hypotheses of Lemma 2, suppose that 
condition (4), holds and that x(t) is a nonosciflatory solution of (2) with 
c = c0 > 0 and d = do satisfying lim inf,, oc Ix(t)1 > 0. Then there exist 
constants a = c(~ > 0 and /I = f10 > 0 and some T> t, such that sequence (19) 
deJined on [T, co ), that is, 
k(t), te [T, co),n= 1, 2, . . . . (21) 
exists, 
lim h,(t) Ef h(t) < 00, 
“-CC 
ta T, (22) 
’ lim 
I 
[h,(s) + cr,h(s)/a”*(s)]: ds < 03, (23) 
t+aO T 
and 
h(t) = j-O” CMs) + aoh(s)/a”*(s)]: ds. (24) 
I 
Prooj Let x(t) be a nonoscillatory solution of (2) with c = c0 > 0 and 
d = do > 0 satisfying lim inf, _ co Ix(t)1 > 0. Then there is 6 > 0 such that 
Ix(t)1 26 for t> Tat,,. Thus (4) and (7) hold. From (18), we then have 
w(t) 2 Jrn Cw(s) - 4dr(s)ll ds + 5 jrn w(s)/@) ds t I 
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for all t > Ta t,. Hence 
w(t) > c,u”~(~) h,(t) + r J,-’ d(sya(s) ds, t> T. (25) 
How (25) implies that w2(t) 2 c@(t) hi(t)+. From (17), we have 
I 
m 
w2(s)/u(s) ds 2 c; I 
O” h’(s) + ds = c;h,(t). 
I * 
BY (25), we get W(t) 2 c,aW h,(t) + c;rhl(t). Thus 
I 
co 
w2(s)/u(s) ds > c; 
s O3 [ho(s) + c,(h,(s)/a”*(s)]: ds = c;h,(t). f * 
Using (25) and an easy induction, we can show in general that 
w(t) 2 coa”2(t) h,(t) + c;uL(t), t~[T,co),n=l,2 ,..., (26) 
f” w”(s~/a(s)ds~c~h,(t), t~[T,oo),n=l,2 ,..., (27) 
where 
h,(t) = loa [h,(s) + c,5h,- ,(s)/u”*(s)]: ds. (28) 
I 
Hence (21) is satisfied. Noting (20) and letting n--t 00 in (27), we have 
(22). Now an application of the monotone convergence theorem in (28) 
shows that (23) and (24) where CI~ = c,& /I,, = doll hold. This completes the 
proof of Lemma 3. 
The following theorem is an immediate consequence of Lemma 3 and it 
improves and includes Theorem 4 in [Z]. 
THEOREM 4. In addition to the hypotheses of Lemma 3, suppose that for 
sequence (19), one of the following conditions is satisfied: 
(i) There is an integer N 2 1 such that h,,(t), n = 1, 2, . . . . N- 1 is 
defined, but hN(t) does not exist, that is, 
lim I ’ [h,(s) + ah,,- I(s)/a”2(s) J: ds = co; 1-m to 
(ii) Sequence (19) is defined, but for sufficiently large T, there exists 
t* 3 T such that 
lim h,(t*) = a3; 
n-do 
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(iii) Sequence (19) is defined and lim, _ oc h,(t) = h(t), but 
h(r) I5 P[t(), co). 
Then (1) has property (P). 
THEOREM 5. In addition to the hypotheses of Lemma 3, suppose that 
condition (12) holds and that for sequence (19), one of the following 
conditions is satisfied: 
(i) There is an integer Na 1 such that h,(t), n = 1, 2, . . . . N is defined 
and 
liy+“,up 1’ C a”*(s) h,(s) + au-‘(s) hJs)] ds = CO; 
10 
(ii) Sequence (19) is defined and lim,, 73 h,(t) = h(t) < 00, but 
lim+s.p 1,: [a”*(s) h,(s) + aa-’ h(s)] ds= CO. 
Then (1) has property (P). 
ProoJ Assume that x(t) is a solution of (2) with c = c0 > 0 and 
d = dO > 0 satisfying lim inf, _ a, Ix(t)1 >O. It follows from (26) that 
Ii/(x(t)) x’(th!fb(t)) 2 cob-“*(t) h,(t) + cota-’ hzv(t)l, (29) 
Integrating (29) from T to t, taking the upper limit as t -t co, and using (i), 
we have 
lim sup - 
s 
x(” *(Ml du 
I--r02 w,f(u) 
2 c,, li;zp j: [a-“‘(s) h,(s) + co&‘(s) hN(s)] ds= co, 
contradicting condition (12). This implies that (1) has property (P) if 
condition (i) is satisfied. 
Letting N + cc in (29), we obtain 
tW(t)) x’(th!fb(t)) 2 c&-“*(t) h,(t) + c&-‘(t) h(t)]. (30) 
Integrating the above inequality from T to t and taking the upper limit as 
t-r co, we have 
lim sup I 
xc*) Ii/(u) 
t-m 
- du > c,, limryp ji [a-i’*(s) h,(s) + &-i(s) h(s)1 h= ~0, 
x(T) ft") 
which is again a contradiction. The proof is now complete. 
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3. REMARKS AND EXAMPLES 
Remark 1. Theorem 1 is a new linearization theorem. Similar results 
can be found in [7,9]. For the second order linear equation, there is an 
extensive literature on the subject of oscillation (see, for example, Swanson 
[6], Wong [8,9], Kwong and Zettl [4]); thus, the results on linear 
oscillation can be used to obtain interesting ones for Eq. (1) having 
property (P). 
Remark 2. Theorems 2 and 3 do not seem to have been mentioned 
before. Condition (ii) of Theorem 3 can be replaced by the more general 
condition 
(q(t) - Plv(t)l  dt = ~0, o<ys:, 
for any B > 0, if we use [9, Corollary 1, 5, Theorem 1 ] (see also [9, 
p. 3051). 
Remark 3. Note that y(t) is not required to be “small” in 
Theorems l-3. 
Remark 4. Theorem 4 generalizes and improves [2, Theorem 41 in 
which the condition h,(t) 2 0 is assumed. Theorem 5 is a new result. 
In the following we illustrate our theorems with some examples which do 
not seem to have be covered by earlier authors. 
EXAMPLE 1. Consider a(t) = l/t, q(t) = t(t + sin t), y(t) = cos t and II/, f 
satisfy condition (4). By the well-known Leighten-Wintner Oscillation 
Theorem [6, p. 701, we know that for any a > 0 and /? > 0, Eq. (5) is 
oscillatory. Hence; (1) has property (P), by Theorem 1. 
EXAMPLE 2. Consider the equation 
( 
1 
1 + sin* t/t* (1 + x’) x’ > + tx5 
sin t 2 sin’t =- -++- t ( t* t3 1 3 > t > to > 0. 
Clearly all the hypotheses of Theorem 3 are satisfied and hence this 
equation has property (P). In particular, this equation itself (i.e., Eq. (3) 
with d= 1) has solution x(t) = sin t/t. 
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EXAMPLE 3. Consider 
$( t - 3’2 sin 
cl(t) = 
Thus h,(t) does not exist. By Theorem 4, we know that Eq. (1) has 
property (P ). 
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